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Abstract 

This paper is concerned with the long-time behaviour of solutions for a class of 
quasilinear parabolic systems. In particular, we prove the existence of the compact 

global attractor in ( ) ( )Ω×Ω 22 LL  for the multi-valued semiflow .G  

1. Introduction 

In this paper, we are concerned with the existence of the global 
attractor of the solutions for a class of nonlinear parabolic systems 
involving weighted p-Laplacian operators of the type ( )S  
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where 

( )( ) ,2,1,div 2 =∇∇σ−= − iuuxu ip
iiA  

and Ω<<≤ ,,2 Npqp iii  is a bounded domain in NR  with smooth 

boundary ,Ω∂  and the functions ,2,1,, =σ ifii  satisfy some conditions 

specified later. 

This systems contains some important classes of parabolic problems. 
When ,2,0const. =>=σ ii p  then ( )S  becomes the semilinear heat 

systems 
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and when ,2≠ip  then ( )S  becomes the p-Laplacian systems 
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Systems ( )1S  have received extensive investigations in the past 

several decades, see, e.g., [20] and references therein. The authors always 
use the nice properties of ,∆  to obtain the existence and long-time 

behaviour of solutions to systems ( ).1S  
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Systems ( )2S  appear in the study of non-Newtonian fluids and non-

Newtonian filtration, see [3, 13]. The quantity ( )21, pp  is the 

characteristic of the medium. Media with ( ) ( )2,2, 21 >pp  are called 

dilatant fluids and those with ( ) ( )2,2, 21 <pp  are called pseudoplastics. 

If ( ) ( ),2,2, 21 =pp  then they are Newtonian fluids. Many authors have 

contributed for a better understanding of several questions related to 
( ),2S  for example, regularity, existence, asymptotic behaviour, and global 

attractor of a solution. The basic tools that have been used are a priori 
estimates, degree theory, and the super-subsolution method, see, for 
example, [5, 6, 9, 11, 12, 20]. 

Parabolic systems of ( )21, pp -Laplacian type arise in many application 

and the more interesting question concerning these systems is to 
understand the asymptotic behaviour of solutions when time goes to 
infinity. The study of the asymptotic behaviour of the system is giving us 
relevant information about the structure of the phenomenon described in 
the model. 

Recently, Anh and Hung [2] discussed the existence and long-time 
behaviour of solutions of the quasilinear parabolic equation 
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via the concept of global attractors for multi-valued semiflows and 
without uniqueness. The authors use the compactness method and 
monotonicity method [18, Chapters 1-2] and use the theory of global 
attractor for multi-valued semiflows of Melnik and Valero [21]. 

In this paper, motivated by the ideas in [2], we generalize and extend 
the results of [2] to systems ( ).S  In this way, we obtain a result and 

extend some known results related to the p-Laplacian. 



HAMID EL OUARDI 82

The outline of the paper is as follows: In Section 2, we make some 
assumptions and prove the existence of the solutions. Section 3 is devoted 
to the m-semiflow generated by the systems ( ).S  

2. Existence 

2.1. Notations and assumptions 

Let Ω  be a smooth and bounded domain in ( ).2≥NNR  Set for 

( ) ( ).,0:,,0:,0 tStQt tt ×Ω∂=×Ω=>  

We represent the weighted Sobolev space ( )σΩ,,1
0

pD  defined as the 

closure of ( )Ω∞
0C  in the norm 
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Let ( )σΩ
∗− ,,1 pD  be the dual space of ( ),,,1

0 σΩpD  where ∗p  is the 

conjugate of p, i.e., .111 =+
∗pp  

We denote 

 ( ( )) ( ) ( ) ,2,1,,;,0 2,1
0 =σΩ= iQLQLTLV TT

q
i

pp
i iii IID  

( ( )) ( ) ( ) .2,1,,;,0 2,1 =++σΩ=
∗∗∗ −∗ iQLQLTLV TT

q
i

pp
i iii D  

The operator iA  is such that for ,2,1=i  

( ) ( ),,,: ,1,1
0 i

p
i

p
i i σΩ→σΩ ′−DDA  

( ( ) ),div 2 uuxuu ip
ii ∇∇σ−= −Aa  

and it satisfies the following properties [2], which are easily proved by 
using similar arguments as in [18, Chapter 2]: 
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(1) iA  is monotonic, that is, ip
ii vuvuvu ,1

0,,0, DAA ∈∀≥−−  

( );, σΩ  

(2) iA  is hemicontinuous, that is, for each ( ),,,, ,1
0 i

piwvu σΩ∈ D  the 

function ( ) wvui ,λ+λ Aa  is continuous from R  to ;R  
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then .uii A=Ψ  

In the sequel, the same symbol c will be used to indicate some positive 
constants, possibly different from each other, appearing in the various 
hypotheses and computations and depending only on data. When we need 
to fix the precise value of one constant, then we shall use a notation like 

,,2,1, K=iMi  instead. 

In the sequel, we shall present the following assumptions: 
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Before proving the existence result, we need two auxiliary lemma. 
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Lemma 2.1 (Ghidaghia lemma [25]). Let y be a positive absolutely 
continuous function on ( ),,0 ∞  which satisfies 

,1 λ≤µ+′ +qyy  

with .0,0,0 ≥λ>µ> andq  Then for ,0>t  
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Lemma 2.2. (i) If ii Vu ∈  and ,∗∈ i
i V

dt
du  then ([ ] ( ));;,0 2 Ω∈ LTCui   

(ii) Let { }nu  be a bounded sequence in ( ( )).,;,0 ,1
0 i
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We have the estimate 
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Hence { }n
iu  is a Cauchy sequence in ([ ] ( )).;,0 2 ΩLTC  Thus, the 

sequence { }n
iu  converges in ([ ] ( ))Ω2;,0 LTC  to a function ([ ];,0 TCvi ∈  

( )).2 ΩL  Since ( ) ( ) ( )Ω∈→ 2Ltutu i
n
i  for a.e. [ ],,0 Tt ∈  we deduce that 

ii vu =  for a.e. [ ].,0 Tt ∈  After redefining on a subset of zero-measure, 

we get ([ ] ( )).;,0 2 Ω∈ LTCun
i  

(ii) By compactness results, Proposition 2.1 [2], we get the following 
embeddings: 
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Since [ ],, iii qp∈γ∗  we have 

( ) ( ) ( ) ( ),2 Ω⊂ΩΩΩ γiii LLLL qp II  

and therefore, 
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( ) ( ) ( ) ( ).2 Ω+Ω+Ω⊂Ω
∗∗γ LLLL iii qp  
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[18, p. 58], { }n
iu  is precompact in ( ( ))Ωγii LTLp ;,0  and therefore in 

( ( )),;,0 Ωγγ ii LTL  this implies that i
n
i uu →  a.e. in .TQ  

2.2. Existence theorem 

First, we specify our notion of weak solution. 

Definition 2.1. A pair ( )21, uu  is said to be a weak solution of ( ),S  if 

for .2,1=i  
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for all test functions .ii Vw ∈  

Theorem 2.1. Under the assumptions (H1)-(H3), for each ( )21, ϕϕ  

( ) ( )Ω×Ω∈ 22 LL  and 0>T  given, system ( )S  has at least one weak 

solution on ( ).,0 T  

The main tools in the proof of this theorem are the Feado-Galerkin 
method and compactness arguments. 
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Let { }∞=1jje  is a basis of ( ) ( ) ( ),, 2,1
0 ΩΩσΩ LL ii q

i
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IID  which is 

orthogonal in ( ).2 ΩL   
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Let ( ).1,max
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Substituting (2.4) in (2.3), we infer that 
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The inequality (2.5) implies that 
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By Hölder inequality, we deduce that 
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By the lower semi-continuity of ( )Ω2. L  and the Lebesgue dominated 

theorem, we obtain 
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The property (3) of iA  implies iiiu Ψ=A  and we find that iu  is a 

weak solution of system ( ).S  
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3. Global Attractor 

For the convenience of the readers, we first use some concepts and 
results related to the theory of global attractors for multi-valued 
semiflows [21]. 

Definition 3.1. Let E be a Banach space. The mapping 

[ [ EE →×∞+,0:G  

is called an m-semiflow, if the following conditions are satisfied: 

(i) ( ) ww =,0G  for arbitrary ;Ew ∈  

(ii) ( ) ( ( )),,,, 2121 wttwtt GGG ⊂+  for all .0,, 21 ≥∈ ttEw  

Definition 3.2. The set A  is said to be a global attractor of the                
m-semiflow ,G  if the following conditions hold: 

● A  is attracting, i.e., ( ( ) ) 0,,dist →AG Bt  as ,∞→t  for all 

bounded subset ;EB ⊂  

● A  is negatively semi-invariant: ( )AGA ,t⊂  for arbitrary ;0≥t  

● If B  is an attracting of ,G  then .BA ⊂  

Theorem 3.1 ([21]). Suppose that the m-semiflow G  has the following 
properties: 

(1) G  is pointwise dissipative, i.e., there exists 0>K  such that for 
( ) ( )00 ,0, utuEu G∈∈  one has ( ) ,Ktu E ≤  if ( );00 Eutt ≥  

(2) ( ).,tG  is a closed map for any ,0≥t  i.e., if andnn ,, η→ηξ→ξ  

( ),, nn t η∈ξ G  then ( );, η∈ξ tG  

(3) G  is asymptotically upper semicompact, i.e., if B is a bounded set 

in E such that for some ( ) ( )( )BBT BT
+γ,  is bounded, any sequence  

( )Btnn ,G∈ξ  with ∞→nt  is precompact in E. Here ( )( )BBT
+γ  is the 

orbit after the time ( ).BT  
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Then G  has a compact global attractor in E. Moreover, if G  is a strict 
m-semiflow, then A  is invariant, i.e., ( ) AAG =,t  for any .0≥t  

By Theorem 2.1, we construct the multi-valued mapping as follows: 

( ( ))
( ) ( ( ) ( ))

( ) ( ) ( ) ( )
.

,0,ofsolutiontheis.
,

,,
210

21
21









ϕϕ==
=

=ϕϕ
uuu

tututu
t

S
G  

We now check that G  is a strict m-semiflow in the sense of Definition 
3.1. Assume that ( ( )),,, 2121 ϕϕ+∈ξ ttG  then ( ),21 ttu +=ξ  where ( )tu  is 

a solution of system ( ).S  Denoting ( ) ( ),21 ttutv +=  we see that ( ).v  is also 

in the set of solutions of system ( )S  with respect to the initial condition 
( ) ( ).0 2tuv =  Therefore,  ( ) ( ( )) ( ( )).,,, 022211 utttuttv GGG ⊂∈=ξ  It 

remains to show that ( ( )) ( ).,,, 021021 uttutt +⊂ GGG  If ∈ξ  
( ( )),,, 021 utt GG  then ( ),1tv=ξ  where ( ) ( ).,0 02 utv G∈  One can suppose 

that ( )0v  ( ),2tu=  where ( ) .0 0uu =  

Set 

( )
( )
( )




≥−
≤≤

=
.,
,0,

22

2
ttu
tu

w
ττ
ττ

τ  

Since u and v are the solutions of ( ),S  we obtain that w is a solution of 

( )S  with ( ) ( ) .00 0uuw ==  In addition, by the fact that ( ) ==ξ 1tv  
( ),21 ttw +  we have ( )., 021 utt +∈ξ G  

In order to show the existence of a global attractor for the m-semiflow 
,G  we need the following proposition: 

Proposition 3.1. Assuming that (H1)-(H3) hold, then the m-semiflow 
G  generated by ( )S  is pointwise dissipative. 

Proof. Let ( ) ( ( ))2121 ,,, ϕϕ∈ tuu G  and reasoning as in the proof of 
Theorem 2.1, we also have 

( )
( )

( )
( )

.22

2

1
1

2

1

2
2

1
ctuMdxutudt

d ii q
Li

i

p
i

i
Li

i
≤+∇σ+

Ω
=Ω=

Ω
=

∑∫∑∑  (3.1) 
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We deduce from Lemma 2.1 that G  is pointwise dissipative. 

Proposition 3.2. Assuming that (H1)-(H3) hold, then the m-semiflow 
( ) ( ) ( ) ( ) ( )Ω×Ω→Ω×Ω 2222

0 :., LLLLtG  is a compact mapping for each 
( ).,00 Tt ∈  

Proof. Assume that B is a bounded set in ( ) ( )Ω×Ω 22 LL  and ∈ξn  

( ).,0 BtG  By the definition of ,G  there exists a sequence { ( )}tun
i  such 

that ( )tun
i  is the solution of ( )S  with the initial data belongs to B and 

( )0tun
i  .nξ=  

Then, we have 

( )
( )

dxuddxutu i

t

i

t

qn
iQi

pn
ii

Qi
L

n
i

i
∫∑∫∑∑

==
Ω

=

+∇σ+
2

1

2

1

2
2

1
22

1  

( )
( )

( ) ,,02
1 2

1

2
2

1
2

n
i

n
i

QiL
n
i

i
uuxfu

t∫∑∑
=

Ω
=

+=  (3.2) 

( ).,0anyfor Tt ∈   

By the same arguments as in proof of Theorem 3.1, we infer that 

i
n
i uu →  a.e. in ,TQ  

( ) i
n
i utu   in ( ),2 ΩL  for any [ ],,0 Tt ∈  

i
n
i Vu ∈  and .∗∈ i

n
i Vdt

du
 

By Lemma 2.2, we obtain that n
iu  and iu  belong to ([ ] ( )).;,0 2 ΩLTC  

In the case ,0tt =  one has ( ) i
n
i utu 0  in ( ).2 ΩL  

We denote 

( ) ( )
( )

( ) ,12
2

1
2 







 +−= ∫∑ ΩΩ
=

dxxhcttutJ
L

n
i

i
n  
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( ) ( )
( )

( ) ,12
2

1
2 







 +−= ∫∑ ΩΩ
=

dxxhcttutJ
Li

i
 

nJ  and J are decreasing on [ ]T,0  for c chosen large enough. In addition, 

( ) ( )tJtJn →  for a.e. [ ].,0 Tt ∈  

Suppose that { }mt  is an increasing sequence in [ ] 0,,0 ttT m →  as 

.∞→m  Then 

( ) ( ) ,as0 ∞→→ mtJtJ nmn  

( ) ( ) .as ∞→→ ntJtJ mmn  

So 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ,0000 ε<−+−=−≤− tJtJtJtJtJtJtJtJ mmmnmnn   

for .0>ε  

Similarly, ( ) ( ) .00 ε<− tJtJ n  Therefore, ( ) ( )00 tJtJn →  and then  

( ) ( ) ( ) ( )ΩΩ → 22 00 LiL
n
i tutu  as .∞→n  

Theorem 3.2. Assuming that (H1)-(H3) are satisfied, then the multi-

valued semiflow ( ( )) ( )
222 2

2: 




Ω× Ω+ LL aRG  associated with the 

boundary value problem ( )S  possesses an invariant compact global 

attractor A  in ( ( )) .22 ΩL  

Proof. Assume that ( ) η→ηξ→ξη∈ξ nnnn t and,,,G  in ( ).2 ΩL  

Then, there exists a sequence { }n
iu  satisfying 

( ) ( ) .0, n
n
in

n
i utu η=ξ=  

It follows from the same arguments as in the proof of existence Theorem 
2.1 that 
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( ) ( )tutu i
n
i →  in ( ),2 ΩL  for arbitrary [ ]Tt ,0∈  (and then ( ) η=0iu ),  

dt
du

dt
du i

n
i →  in ,∗iV  

ii
n
ii uu AA →  in ( ( )),,;,0 ,1

i
pp ii TL σΩ
∗∗ −D  

up to a subsequence. Hence, passing to the limit, the following equality in 

.∗iV  

( ),,, 21
2 uuxfuuaudt

du
i

n
i

qn
ii

n
ii

n
i i =++ −A  

we conclude that ( )tun
i  is the solution of ( )S  with respect to initial 

condition ( ) .0 η=iu  Thus, ( ),, η∈ξ tG  one observes that 

( ) ( ) ( ( )) ( ),,,,,, 000000 BtBtttBtttBt nnn GGGGG ⊂−⊂−+=  

where 00 >t  and 0B  is bounded set in ( ).2 ΩL  Using Proposition 2.2, we 

see that, if ( )),, Btnn G∈ξ  then { }nξ  is precompact in ( ).2 ΩL  
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