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Abstract

This paper is concerned with the long-time behaviour of solutions for a class of
quasilinear parabolic systems. In particular, we prove the existence of the compact

global attractor in L2(Q) x L*(Q) for the multi-valued semiflow G.
1. Introduction

In this paper, we are concerned with the existence of the global
attractor of the solutions for a class of nonlinear parabolic systems
involving weighted p-Laplacian operators of the type (S)

6u1

- Ajuy + al(x)|u1|q1_2u1 = fi(x, u;, ug) in Qx R, (1)
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a(;ttz + Agus + ag(x)|ug |92 2uy = fo(x, ug, ug) in QxRY, @

b =ug =0 on 6Q x RT, 3)

(w1 (x, 0), uy(x, 0)) = (¢1(x), pz(x)) in Q, (4)
where

Aju = —div(ci(x)|Vu|pi72Vu), i=1,2,

and 2 < p; <q;, p; < N, Q is a bounded domain in RY with smooth
boundary 0Q, and the functions o, f;, i = 1, 2, satisfy some conditions
specified later.

This systems contains some important classes of parabolic problems.

When o; = const. > 0, p; = 2, then (S) becomes the semilinear heat

systems
6u1 . .
ot - clAul = fl(x> Uy, u2) mnm QxR ,
ou )
(S]-) atg - CQAuZ = fZ(x’ u, ug) n Qx R+,
up =ug =0 on 0Q x R*,

(u(x, 0), us(x, 0)) = (p1(x), P2(x)) in Q,

and when p; # 2, then (S) becomes the p-Laplacian systems

%_ ClApth = fi(x, uy, ug) in QxR*,
ou '

(52) 6152 —colAp ug = folx, up, ug) in QxR
u1 =u2=O OnanR+,

(w1 (x, 0), us(x, 0)) = (01(x), 92(x)) in Q.

Systems (S1) have received extensive investigations in the past

several decades, see, e.g., [20] and references therein. The authors always

use the nice properties of A, to obtain the existence and long-time

behaviour of solutions to systems (S1).
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Systems (S2) appear in the study of non-Newtonian fluids and non-
Newtonian filtration, see [3, 13]. The quantity (p;, ps) is the
characteristic of the medium. Media with (pj, py) > (2, 2) are called
dilatant fluids and those with (p;, py) < (2, 2) are called pseudoplastics.
If (p1, p2) = (2, 2), then they are Newtonian fluids. Many authors have

contributed for a better understanding of several questions related to

(82), for example, regularity, existence, asymptotic behaviour, and global

attractor of a solution. The basic tools that have been used are a priori
estimates, degree theory, and the super-subsolution method, see, for
example, [5, 6, 9, 11, 12, 20].

Parabolic systems of ( p;, py )-Laplacian type arise in many application

and the more interesting question concerning these systems is to
understand the asymptotic behaviour of solutions when time goes to
infinity. The study of the asymptotic behaviour of the system is giving us
relevant information about the structure of the phenomenon described in
the model.

Recently, Anh and Hung [2] discussed the existence and long-time

behaviour of solutions of the quasilinear parabolic equation

Z_Lt‘ ~ div(o(@)|VelP 2Vu]) + f(u) = gu) in Qx RY,
Yo = up(x) in Q,
LL‘@Q = 0,

via the concept of global attractors for multi-valued semiflows and
without uniqueness. The authors use the compactness method and
monotonicity method [18, Chapters 1-2] and use the theory of global

attractor for multi-valued semiflows of Melnik and Valero [21].

In this paper, motivated by the ideas in [2], we generalize and extend

the results of [2] to systems (S). In this way, we obtain a result and

extend some known results related to the p-Laplacian.
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The outline of the paper is as follows: In Section 2, we make some
assumptions and prove the existence of the solutions. Section 3 is devoted

to the m-semiflow generated by the systems (S).

2. Existence

2.1. Notations and assumptions

Let Q be a smooth and bounded domain in RY (N > 2). Set for
t > 0, Qt = Qx (0, t), St = 0Q x (0, t)

We represent the weighted Sobolev space D%)’p (Q, o) defined as the

closure of C(Q) in the norm

1/p
Il o, o) = UGIWI"] -

Q

Let DLP (Q, o) be the dual space of D%)’p(Q, c), where p* is the

1

*

=1.

. . 1
conjugate of p, i.e., — +
P p

We denote
Vi = IP(0, T Dg P (@, o)) N L% (Qr )N IX(@r),  i=1,2
Vi = 120, s D7 o) + LT (@) + Q). =12
The operator A; is such that for i =1, 2,
A;  DEP(Q, o) — DLP(Q 5;),

u - Aju = —div(ci(x)|Vu|pi_2Vu),

and it satisfies the following properties [2], which are easily proved by

using similar arguments as in [18, Chapter 2]:
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(1) A; is monotonic, that is, (A;u — A;v,u—v) 20, Vu,ve D})’pi

(Q, o);

(2) A; is hemicontinuous, that is, for each u, v, w € D(l)’ Pi(Q, o;), the
function A — (A;(u + Av), w) is continuous from R to R;

(3) Assume that

u, — uin LP(0, T; D%)’pi(Q, G;)),

Aju, — ¥, in LPi(0, T; DVPI(Q, o)) and Lim (Aju,, u,) < (¥;, u),
n—oo

then ¥; = A;u.

In the sequel, the same symbol ¢ will be used to indicate some positive
constants, possibly different from each other, appearing in the various
hypotheses and computations and depending only on data. When we need
to fix the precise value of one constant, then we shall use a notation like
M;,i=1,2,..., instead.

In the sequel, we shall present the following assumptions:
The function o; : Q — R satisfies the following:
(H1) ; € Ljp.(Q) and for some o; < (0, p;),

lim inflx - 2["%6;(x) > 0, for all z € Q, (i =1, 2).
X—>2

fi € C (Q xR xR) and fl(x up, ug ) satisfies:
(H2) Zfl(x Uy, ug )u; < MZ|ul|p’ + h(x),
where M is a positive constant, h e L*(Q).

The function a; : Q — R satisfies the following:
L("Q)and aq;j(x)>d; >d >0, (i=1,2).

O;

(H3) {

Before proving the existence result, we need two auxiliary lemma.
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Lemma 2.1 (Ghidaghia lemma [25]). Let y be a positive absolutely

continuous function on (0, «), which satisfies
y Tt <,

with ¢ >0, u >0, and A > 0. Then for t > 0,

1

y() < (%)ﬁ + [ugtTq .

dui

€ V¥, then u; e C([0, T]; L2(Q));

Lemma 2.2. () If u; € V; and
(i) Let {u,} be a bounded sequence in LPi(0, T Dé’ Pi(Q, 5;)). Then
{u, } converges almost everywhere in Qp up to a subsequence.

Proof. (i) We select a sequence u' e C([0, T'; D%)’ Pi(Q, ;)N LY (Q)

N L2(Q)), such that

u, >y In V,
aun ou: *
L L in V;.
ot ot '

Then, for all ¢, s € [0, T], we have

nOy_ a2 = % () — ™ ()12
1 )= O, = 16 = " 6o

N zj:<d”(iﬁ(7) S8 (T)> dr.

We choose s so that

n m2_lTn_m2
laf 5) = &) ) = [ Dud @) - " @
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We have the estimate

j () - u (t)dx
Q
- %J.QJ.OTW?(t) —u ()| dtdx

tfdul'(t) dul"(7)), , .
+2L}L{ - ](ui (t) - ul"(r))drdx

T dul' du
< lj I [ul(t) - u™ (t)|* dtdx + 2[—— — —
T aJo l l

dt dt

lui® =" ly-
‘/i*

Hence {u'} is a Cauchy sequence in C([0, T']; L*(Q)). Thus, the
sequence {u" |} converges in C([0, T']; I*(Q)) to a function v; e C([0, T1;

I*(Q)). Since u'(t) - u(t) I3(Q) for ae. t € [0, T], we deduce that
u; = v; for a.e. t € [0, T]. After redefining on a subset of zero-measure,

we get u!' € C([0, T]; L2(Q)).

(1) By compactness results, Proposition 2.1 [2], we get the following
embeddings:

. - B; . . N
@) Dé’pl (Q, 0;) c W&’ " continuously, if 1 < B; < Pi

(i1) Dé’p‘ (Q, 6;) c L' compactly,if 1 <r; < sz—

We can choose y; € 10;, p; ][N [p;, q; ] such that Dé’pi (Q, 5;) = L' (Q).

Since y; € [p;, q;], we have

LPiQ)N LI (Q) N L2 (Q) = L' (),

and therefore,

85
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L' (Q) c L7 (Q) + L% (Q) + I(Q).

So DEP(Q, 0;) < LI(Q) « DHPH(Q, o;) + LY (@) + LA(Q).

n

du | dul* |
The boundedness of dtl in V; ensures that d; is also

bounded in L°(0, T; W), where s = min(p;, q;,2). By lemma in

[18, p. 58], {u]} is precompact in LPi(0, T; L'(Q)) and therefore in
L'(0, T; L' (Q)), this implies that v — u; a.e.in Qp.

2.2. Existence theorem
First, we specify our notion of weak solution.
Definition 2.1. A pair (uy, ug) is said to be a weak solution of (S), if

fori =1, 2.

8ui

Vi

uieVi

(ul(" 0)7 uZ('9 0)) = ((Pl(')7 (pZ(')),

ou; ,_ -
JQ( aL;L w; + o;|Vu; [P ZVuini + (—ai|ui |4 Zui + fi(x, uy, uy ))wi]

x dxdt = 0,

for all test functions w; € V;.

Theorem 2.1. Under the assumptions (H1)-(H3), for each (91, ¢3)
e I2(Q)x I2(Q) and T >0 given, system (S) has at least one weak

solution on (0, T).

The main tools in the proof of this theorem are the Feado-Galerkin

method and compactness arguments.
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Let {e;}7_; is a basis of D%)’pi (Q, 5;) N L% (Q)N L2(Q), which is

orthogonal in L?(Q).

Proof. Consider the approximating solution ' (¢) in the form

ul(t) = Zuﬁe(t)ek. 2.1)

k=1

n

We get u;" from solving the system

du” .
< T ek> = — (A, ep) + <ai|u?|q‘ 2ul' — fi(x, u"), ek>,

(u]'(0), er) = (91 €), k=1..,n

It can be shown that the above system satisfies the Caracthodory’s

conditions; therefore, there exists solutions ;" in [0,¢,], t, <T.

n

dui

We now establish some a priori estimates for ul" and o

We have
1dw 2 2
5T (1) vy |Pi 1y |di
2 dt ;"ul (t)"L2(Q) + ;J.QGAVUL |Pidx + ;J.Qalwl |9 dx

2
=y j (Fi(x, u" Wl )dx. (2.2)
-1 @

Using assumptions (H2) and (H3), we deduce that
1 d 2 2 2
2 . .
EEZ||uy(t)||L2(Q) " ngoiwumm dx + dZIQW% dx
=1 =1 1=1

2
< MZIJuﬂpi dx + IQh(x)dx. (2.3)
1=
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piN

Let 61 = max( m
l l

1),

Now, using the interpolation inequality, Young inequality, and the

assumption p; < q;, we have

M npil-¢) - u[Pi=)
I W g = <l o BT < a2 00
for some r; € (0;, p;) and € € (0, 1).
Hence
1 pi
MU T ) < S 10 W eI
1 n|\p; n
L OPRE ERETCY

Substituting (2.4) in (2.3), we infer that

2 2 2
n 2 ) n|p; n|qi
;Mui Oz * ;IQGJVLLL. 1Pi i + d;jgmi 19

2
< ;num)n;(g) + 2t[c’ + I Qh(x)dx} (2.5)

for any t € (0, T).
The inequality (2.5) implies that

{u!"} is bounded in L*(0, T} *(Q)),
{'} is bounded in LP/(0, T; Dy P (Q, o;)) and in IP (Qr),
{u]'} is bounded in L% (Qp).

n .
From Lemma 2.2, u; — u; a.e.in Qr.
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By Holder inequality, we deduce that

T pi-1 1
Al v;)| = j dtjoi i |w;l|Pi-2wy[cfivUi]
0 Q

Pi
.
p;

< |lu?
< "Lpi(O,T;D(l)’pi (Q,5;

))"Ui ||LPi(0,T; DLPi(0,0;)) (2.6)

so, we infer that {A;u'} is bounded in Lp;(O, T; D_l’p;(Q, ci)),

therefore,
du®  du;
| tad A *
dt a Ve

Ajul ~¥; in L (0, T; D PO, 6;)).
On the other hand, we have the system

dul

1

dt

= —Aul - agul| % uy + fi(x uf, uh). 2.7)

From the estimate (2.2), it follows

2 T
Al ul') = jdtjciwumpi dx
i=1 0o O

T 2
] D et e . s
0 Qi

1=1

2
1 n 2 n 2
3 DI Ol gy~ D ) 29

By the lower semi-continuity of .| 2(@) and the Lebesgue dominated

theorem, we obtain
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(T2 < lim inf |u(T)|?
e (T2 g < i i (D%

and

T
[t [ (il = fiCe, . )y )
0 Q

T
- lim jdtj(aimm% ~ filx, ufl, uf )ul)dx.

Then

n—o

2 T
m > (Al ul') < IdtI(ai|ui|qi F(x, g, ug ) )dx
=1 0 Q

+

2
1=1

S (1O, ) =1 )

A(Q)

In addition, from (2.7), we deduce

dui
dt

=¥ - alu; %+ fi(x, ug, ug) in VY
Hence

2 2
D (A wi) = D (gl | = fil, wuy)
i T

i=

2
1 2 2
23 (O ARSI

From this estimate and (2.11), it follows that

2

2
lim Z(Aiu{‘, u') < Z(‘Pi, ;).
i i=1

(2.9)

(2.10)

2.11)

(2.12)

(2.13)

(2.14)

The property (3) of A; implies A;u; = ¥; and we find that u; is a

weak solution of system (S).
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3. Global Attractor

For the convenience of the readers, we first use some concepts and
results related to the theory of global attractors for multi-valued

semiflows [21].
Definition 3.1. Let E be a Banach space. The mapping
G:[0,+x[xE > E
is called an m-semiflow, if the following conditions are satisfied:
(i) 6(0, w) = w for arbitrary w € E;
(1) Gt +tg, w) < G(ty, G(tg, w)), forall w € E, t;, ty > 0.

Definition 3.2. The set A is said to be a global attractor of the

m-semiflow G, if the following conditions hold:

e A is attracting, i.e., dist(G(¢, B), A) > 0 as t — o, for all
bounded subset B c E;

e A is negatively semi-invariant: A < G(t, A) for arbitrary ¢ > 0;

o If B is an attracting of G, then A c B.

Theorem 3.1 ([21]). Suppose that the m-semiflow G has the following
properties:

(1) G is pointwise dissipative, i.e., there exists K > 0 such that for
uy € E, u(t) € G(0, uy) one has |ult)|y < K, if t > to(|ugy )

(2) G(¢t, .) is a closed map for any t > 0, i.e., if €, — & n, — n, and
€, € G(t, m,), then & € G(t, n);

(3) G is asymptotically upper semicompact, i.e., if B is a bounded set

in E such that for some T(B), y}(B)(B) is bounded, any sequence
&, € G(t,, B) with t, — x is precompact in E. Here y},(B)(B) is the

orbit after the time T(B).
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Then G has a compact global attractor in E. Moreover, if G is a strict

m-semiflow, then A is invariant, i.e., G(t, A) = A forany t > 0.

By Theorem 2.1, we construct the multi-valued mapping as follows:

G(¢, (o1, 92)) = { 0 u(t) = (ur(t), uz(®))| }

u(.) is the solution of (S), ug = u(0) = (o1, 99)]

We now check that G is a strict m-semiflow in the sense of Definition
3.1. Assume that & € G(¢; +1t9, (1, 09 )), then & = u(t; +ty), where u(?) is
a solution of system (S). Denoting v(t) = u(f; + ty ), we see that v(.) is also
in the set of solutions of system (S) with respect to the initial condition
v(0) = u(ty). Therefore, & =uv(t;) e G(ty, ults)) = G(ty, G(tg, up)). It
remains to show that G(¢, G(tg, ug)) < G(t; +t9, ug). If Ee
G(ty, G(ta, ug)), then & = v(¢; ), where v(0) € G(tg, ug). One can suppose
that v(0) = u(ty ), where u(0) = u.

Set

, 071 <,
LU(T) _ u(T) T 2
u(’r—t2), T Zt2.

Since u and v are the solutions of (S), we obtain that w is a solution of
(§) with w(0) = u(0) = uy. In addition, by the fact that & =v(¢) =
Z,U(tl + tz), we have (i € g(t1 + 9, uo).

In order to show the existence of a global attractor for the m-semiflow

G, we need the following proposition:

Proposition 3.1. Assuming that (H1)-(H3) hold, then the m-semiflow
G generated by (S) is pointwise dissipative.

Proof. Let (u;, ug) € G(t, (¢, 3 )) and reasoning as in the proof of

Theorem 2.1, we also have

2
d 12
a;"ui(t)" Zj ;| Ve [P dx+MZ||u Oy < B
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We deduce from Lemma 2.1 that G is pointwise dissipative.

Proposition 3.2. Assuming that (H1)-(H3) hold, then the m-semiflow
Glto, .) : I2(Q) x L2(Q) » L2(Q)x L*(Q) is a compact mapping for each
to S (0, T)

Proof. Assume that B is a bounded set in L2(Q)x L?(Q) and &, e

G(tp, B). By the definition of G, there exists a sequence {u/(t)} such

that ' (t) is the solution of (S) with the initial data belongs to B and
uln (tO) =&p-

Then, we have

2 2 2
1 n (12 n|p; ng;
= w!'(t) + j o;|Vul |Pidx + d j w' |7 dx
DIACNED ) I W N

2 2
1 2
= 5 2O+ [ Aty (3.2)
F) i1
for any ¢ € (0, T').
By the same arguments as in proof of Theorem 3.1, we infer that
u' > u; ae. in Qr,
u'(t)~u; in I2(Q), for any ¢ € [0, T},

n

u .
u;' € V; and dtL e V.

By Lemma 2.2, we obtain that «' and u; belong to C([0, T']; L3(Q)).
In the case ¢ = ¢, one has u'(t;)—~u; in L2(Q).

We denote

*(Q)

2
Ialt)= Y Jur Oy ) - i1+ [ el
=1
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2
2
t) = (¢ —ct|1 h(x)d
90 = S JesOy g i1+ [ s
J, and ¢ are decreasing on [0, T'] for ¢ chosen large enough. In addition,
J,(t) > J(t) fora.e. t € [0, T].

Suppose that {t,,} is an increasing sequence in [0, T'], ¢,, — to as

m — . Then
J,(ty,) = J,(tg) as m — o,
J,(t,) = J(t,) as n — .
So
Julto) = J(tg) < () = J(tg) = Jy(ty) = J () + I (t) = J (ko) < &,
for € > 0.
Similarly, J(¢y) — J,(ty) < & Therefore, J,(ty) — J(ty) and then
i (0 M r2(0) = wi(to ) 2(q) s n — oo
Theorem 3.2. Assuming that (H1)-(H3) are satisfied, then the multi-
valued semiflow G : R* x (L2(Q))? (2L2(Q))2 associated with the
boundary value problem (S) possesses an invariant compact global

attractor A in (L*(Q))%.
Proof. Assume that &, € G(t, n,), &, — & and m, — 1 in L2(Q).
Then, there exists a sequence {u" } satisfying
ul(t) =&y, u'(0) =mp.

It follows from the same arguments as in the proof of existence Theorem

2.1 that
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u'(t) - u;(t) in I%(Q), for arbitrary ¢ [0, T] (and then u;(0) = 1),

n
dui dui . *
e mn

dt dt i

Aiu? - .Aiui in LPi (O, T; 'Dil’pi (Q, G; )),

up to a subsequence. Hence, passing to the limit, the following equality in

o

duin n nig;-2. n
7"“’41'”1' + ai|ui | u' = fi(x, uy, ug),

we conclude that u'(¢) is the solution of (S) with respect to initial

condition u;(0) = n. Thus, £ € G(¢, ), one observes that
G(t,, B) = G(ty +t, —to, B) = Glto, G(t, —to, B)) = G(to, By),

where to > 0 and By is bounded set in L2(Q). Using Proposition 2.2, we

see that, if &, € G(¢,, B)), then {£,} is precompact in L*(Q).
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